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Anatomy of the Constant Radial Thrust Problem

Maruthi R. Akella* and Roger A. Broucke®
University of Texas at Austin, Austin, Texas 78712

The general types of solutions of the low-thrust problem with constant outward radial acceleration are described.
We do not use the known closed-form analytical solution in terms of the elliptic integrals because of the lack of
physical insight obtained from these mathematical functions. Instead, we use numerical integrations and concepts
that are commonly used for nonintegrable dynamic systems, such as the theory of periodic orbits and Poincaré’s

characteristic exponents.

Introduction

N this paper, we intend to investigate the solution manifold for a

fairly well know low-thrust problem, the constant outward radial
acceleration. The trajectoriesare always planarbecause the acceler-
ation is permanently in the plane of the orbit. Therefore, we treat it
as atwo-degree-of-freedomproblem. The problemis known to have
a closed-form analytical solution, and, therefore, a good number of
its properties are already evident.!~* The analytical solution can be
expressed in terms of the standard elliptic integrals that actually do
not give too much insight into their basic properties.

To gain more insightinto these properties, our presentinvestiga-
tion will have recourse to some methods that are usually employed
in classical mechanics and celestial mechanics, such as the bound-
aries imposed by the potential function, as well as the two integrals
of the problem, the energy and the angular momentum. These con-
cepts already allow us to distinguishbetween the escape trajectories
and the bounded trajectories. The use of the effective potential, as
well as the value of the energy constant, allows us to define forbid-
den, as well as allowable, regions of motion. Note that the concept
of an effective potential energy has been well employed earlier by
Prussing and Coverstone-Carrolf in a similar context, but their ini-
tial conditions are restricted to that of a circular orbit.

In this paper, we mostly make use of some methods that are com-
monplace in nonintegrable dynamic systems, such as the restricted
three-body problem. In particular, we use numerical integrationsto
find and classify periodic orbits, and we use Poincaré’s characteris-
tic exponents to determine their stability, as well as the bifurcations
between different types of orbits. This approach allows us to clas-
sify the bounded solutions in two basic types, the circular orbits and
the annular orbits that bifurcate out of the circular orbits and wrap
around them. The analytical properties (such as velocity, energy,
etc.) of the circular orbits can be established by simple elementary
formulas. On the other hand, the annularorbits are always bounded,
enclosed in between and tangent to two concentric circles.

The origin and properties of the annular orbits (number of loops,
for instance) can be predicted through the linearizationand stability
analysis of the circular orbits. To make a manageable classification
of the complete set of solutions of the problem (without any loss
of generality), we introduce a few simplifying assumptions. First,
we introduce a well-defined system of canonical units, so that the
number of free parameters is reduced to a minimum. Second, we
assume that all solutions possess (at least) one point with minimum
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value of the radius (and, thus, also 7 = 0). We assume that this point
occurs at t = 0, and we rotate the coordinate axes so that it always
lies on the x axis. This basically means that, initially, we always
have 7 =6 =0. The only initial values to be varied and explored
are, thus, r and 6 or, equivalently,x and y.

All analytical results have been verified as much as possible with
numerical integrations. In particular, we have also used the method
of Poincaré surfaces of section (at constant energy levels) to verify
the global classification of all of the possible solutions. The idea
consists of plotting discrete points 7 vs r each time the orbit crosses
the x axis.

On these surfaces of section, the circular solutions appearas fixed
points, with constant 7 and 7 = 0. Actually, we find both elliptic as
well as hyperbolicfixed points, correspondingto stable and unstable
circular orbits.

Equations of Motion

The problem we intend to study here, the constant acceleration
radial thrust problem, is a two-degree-of-freedomdynamic system
because the force is permanently in the plane of the position and
velocity vectors. It can be defined by the conservative Lagrangian
in polar coordinatesr and 0:

L=1G+r0%+u/r+arr 1

Here i = G M is the gravitationconstantand ar is the magnitude of
the constant radial acceleration. The potential function p/r +arr
consists of two terms, the gravitational central force term and the
second term, which is the radial-thrust term, usually considered
a small perturbation. We will assume ar > 0, so that we have an
outward radial thrust. The Lagrangian in Eq. (1) is obtained by
taking the difference between kinetic energy function 7 and the
potential energy V, as defined by

T =132 +r26?) )

V=—u/r—arr, V=V 3
The equations of motion derived from the Lagrangian in Eq. (1)

are of the usual form

. FA% .
P B A N A, “)
or r2
d
—(%0) =0 5
dt(r ) (5)

The radial equation [Eq. (4)] shows that the two forces involved
are in opposite directions. We also note that the gravitation force
decreaseswhenr increases, so thatat some large distance, the radial
thrustar may actually be larger in magnitude than the gravitational
term.

We want to make a few comments here on the possibility of
making a complete classification of the totality of solutions of the
constantradial accelerationproblem. We will first examine the ques-
tion of units. The equations of motion of the problem contain two
constant parameters, . = GM and the thrust constant ar. The con-
stant GM has the dimensions L3T ~2 (usually kilometers cubed per
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seconds squared in most space applications) whereas ar is an accel-
eration, with dimensions LT ~2. There are, thus, no masses involved
in the problem, only lengths and times. Therefore, we are free to
chooses the units of length and time in such a way that u and ar
take on any arbitrary preassigned value. This will only change the
scale of the values and the timing of the evolution, not the intrinsic
properties of the solutions of the problem. For this reason, we have
made the most of our numerical calculationswith the values © = 1.0
and a; = 0.1, without any loss of generality.

Because Eq. (1) defines a conservative central force, the problem
will have two independent first integrals. The first of these is the
energy integral:

E:T+V:%(r’z—}—rzéz)—u/r—arr:const (6)

The second integral is, of course, the angular momentum integral
derivedfromEq. (5), correspondingto the angle 6 beinganignorable
(cyclic) variable:

r?0 = C = const 7

The quantities £ and C are both constants of integration that can
be determined with the initial conditions of any orbit. In fact, we
could also use the two integrals E and C as the initial values. If
the initial conditions are expressed in rectangular coordinates, then
they may be written as (xo, Yo, Xo, Yo). However, because there are
only two free parameters, £ and C, we may subject the axes to
an arbitrary rotation, and we may select the origin of time in any
arbitrary manner. Therefore, we may restrict all initial values by
the conditions yo =0 and Xy, =0. This only means that all of the
solutions we examine begin on the x axis and perpendicular to it.
We assume, thus, thatall solutionshave a close approachpoint where
7 =0. We exclude rectilinear orbits here.

If this is accepted, all solutions of the problem depend on two
initial parameters only, which could be xo and y, in rectangular
coordinates or ry and ry6, in polar coordinates. There is also no
loss of generality in assuming that x, and y, are always positive.
However, there may be some slight sign of ambiguitiesin converting
E and C to x, and Yy, for instance. If we consider only direct orbits,
then the equations giving E and C are

E= éyé — /Xg — arxo (8)
C =xpy9 >0 )

Eliminating y, = C/x, between these two equations gives us
arxy + Exg 4+ pxg —2C* =0 10)

which is the fundamental cubic of the radial thrust problem. We
will provide an elaborate discussion on the fundamental cubic in
the following sections.

Effective Potential and Investigation of Motion

The angular momentum integral Eq. (7) is all that is needed to
reduce the original system from two to one degree of freedom (also
refer to Arnold® and Prussing and Coverstone-Carrolf), with the
following equation of motion and energy integral:

'r':Cz/r3—;L/r+aT (11)
E:r'2/2+C2/2r2—;L/r—aTr (12)

The first term 762 = C?/r* in the radial equation [Eq. (4)] is well
known to be the centrifugal acceleration.

Our problem is equivalent to the one-dimensional motion of a
unit point mass in the central force field subject to radial thrust
acceleration, described by

OVegp C?
-, Vet = Verr(r) = V() + — (13)
or 2r?

The quantity V. (r) is called the effective potential energy. Itis easy
to see from Eqgs. (6) and (13) that the total energy in the equivalent
one-dimensional problem,

E; = 572 4 V() (14)

P =

is the same as the total energy in the original two-dimensional prob-
lem, E=T+V.

We can fix the value of the angular momentum C and determine
the qualitative shape/behavior of V. (r) with respect to r. Before
doing so, we present the following remarks:

1) Let us look at the case lim, _, ; V(7). From the definition of
the effective potential in Eq. (13),

|:—;L/r —arr +(C?/2r%)
———

V(r)

i| =400 (15

lim V(r) = lim
r—0 r—0

because as r— 0, |—u/r —arr| can never grow faster than
C?/(2r?). Thus, the particle cannot fall into the center of the field.
2) For the case r — 0o, we have

lim Vig(r) = lim [-p/r —arr + (C*/2rH)] = —o0

because ar > 0.
3) To find the value of r = r* such that Ve (r*) =0, from Eq. (13),
we set

Vege(r) = —p /1 — arr + C*/2r* =0 (16)

Because r =0 is not a root of Vg (r) =0, we rewrite Eq. (16) as a
cubic equation in variable r as follows:

r3+(M/aT)r—C2/ZaT =0 an

such that » =r* are the roots of this cubic equation. By the use of
Vieta substitution for solution of a cubic equation, it is straight-
forward to establish that Eq. (17) has only one real root and two
complex (conjugate) roots. Furthermore, the only real root r = r* is
positive and given by

1

1 i
= [R* +VR?+ Q*2]3 + [R* —VR?+ Q*2]3 (18)
where

R* = C?/4ay, 0" = u/3ar

4) Next, we consider dV.g/dr =0, to investigate the extremum
points of the effective potential. These points would also indicate
existence and location of circular orbits. Setting d Ve /dr =0 gives
rise to yet another cubic equation

r = (ujap)r + C*[ar =0 (19)

Before we solve this cubic, note the difference from the earlier cubic
in Eq. (17) that we obtained earlier while solving V¢ (r) =0. The
difference between these two cubic equations is subtle yet crucial.
The nature of the roots of Eq. (19) is essentially determined by the
value of

>0 one real root, two complex roots

c4 MZ&

=— - (= 0 all real roots, at least two are equal
4ay;  2a;

<0 all real and distinct roots
(20)

For the case when D =0, it can be shown that two roots r; and 73
of Eq. (19) are equal such that r; = r; = /[ /(3ar)], and the third
rootr, is givenby r, = —24/[11/(3ar)]. Thus, r, is negative and has
no physical meaning. On the other hand, when D > 0, there exists
only one real root that is positive and the other two roots for the
cubic equation (19) are complex. We designate the only real root
by ry.

To investigatethe nature of the orbits, letus fix the value of angular
momentum at any constant value C. The variation of position r
with time is easy to visualize by drawing the effective potential
energy V(7). For the case D > 0, we show this variationin Fig. 1.

Let E be the value of the total energy. All orbits correspondingto
the given E and C lie in the region V,(r) < E. From Eq. (14),7 =0
on the boundary of this region, Vi = E. Therefore, the velocity of
the mass point, in general, is not equal to zero because 8 # 0 for
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Fig.1 Effective potential Vg (r) with respect to radial positionr for the
case D 20 with parameters 1= 1.0 and ay =0.1; angular momentum C
is fixed.
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|/ Energy, E
A
I i r

Fig.2 Effective potential Vg (r) with respect to radial positionr for the
case D <0 with parameters 1 =1.0 and ar =0.1; angular momentum C
is fixed.

C #0. It is obvious from Fig. 1 that, for D > 0, irrespective of the
value of energy E, all orbits escape. On the boundary Ve = E, if
the initial condition 7 (0) = r exactly equals the value of |, then we
have a circular orbit such that r(¢) =r; forall > 0.

In contrast, when we consider the case D < 0, the three roots of
Eq. (19) are all real and given by

ry = 2/ /3ar cos(®/3), ry =2/ /3ar cos[(® + 2m) /3]
r3 = 24/ u/3ar cos[(® + 4m)/3]

where the angle ® is given by

—-3C%/3
<I>:cos'(—ar), for D <0, e(%,n)

2u%

Because ® belongs to the second quadrant, it is easy to establish that
ry and ry are positive, whereas r, < 0. Furthermore, we also obtain
the following inequality:

0<ry <+ u/3ar <r

This is a really interesting property, as we will later show while
discussing the stability of circular orbits. Thus, we obtaina different
type of variation for the effective potential V. (r) with respectto r
in the case D < 0. This case is shown in Fig. 2.

Careful inspection of Fig. 2 helps us conclude the following:

1) If the energy E issuchthat E < V(r3) or E > V (r)), all orbits
will escape.

2)For V(r3) < E < V(r|), we have either annular or escape orbits
depending on the value of ry. To be more precise, if ry <7y, the
inequality V(r;) < E < V(r) gives one or several annular regions
in the plane. The other case, when r( > r, leads to escape orbits. In
the special case E = V(r;), with an initial conditionry = r|, we have
a circular orbit such that r(t) =r; for all £ > 0. There is a circular
orbit when ry =r3, as well in the case E = V (r3).

Allowable Regions of Motion, Based
on the Energy Integral
We conclude immediately from the energy equation Eq. (6) that
the motion will only be possible for the values of r defined by r > 0
and

u/r+arr+E>0 @n

This inequality defines the annular regions of the plane where the
motion is possible or not, according to the value of the energy E. It
is equivalent to

arr’ +Er +pu >0 (22)
which is, of course, a second-degree equation with roots,

—E £+ E?—4arp
(ry,r) = L (23)
2ar

Consequently, we will have to discuss the types of roots. More
precisely, we will consider the special values £2+/(aru) of the
energy because if E2 > 4aru, we have two distinct real roots (of
the same sign).

It is possible to obtain improved regions of motion based on the
energy from Eq. (12), by expressing that 72 is nonnegative:

/2= E—[C*/2r* = p/r —arr] 2 0 24)
which is equivalent to a cubic equation,
)= 42 =arr + Er2 +ur —C?220  (25)

which is, again, the fundamental cubic of the constant radial thrust
problem [see also Eq. (10)]. It is different from the other two cubic
equations given in Egs. (17) and (19). Without going in the detailed
discussion of the roots, we may say that the curve f(r) is generally
as shown in Fig. 3. However, we will need to discuss the types
of roots for the fundamental cubic in more detail. We will use the
discriminant Q of the cubic equation (25), as obtained through the
standard rules of the Vieta formulas:

A = pfar — E? [3d>
B =2E*/27a} — C? [2a; — uE [3d}
0= (B/2)’ +(A/3)’

Basically, when Q < 0, we have three real roots, and when Q > 0,
there is only one real root. The motion is only possible for the values
of r, such that f(r) > 0 in Fig. 3, in other words, the regions where
f(r) is above the x axis.

15 T T T T T T
1
0.5 B
E o
-0.5 4
-1 7
s e
-0.5 0 05 1 15 2 25 3 35 4 4.5

Fig.3 Illustration of the fundamental cubic for the radial thrust prob-
lem with parameters £ =— 0.6 and C =0.92.
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Fig. 4 Roots of the fundamental cubic for the radial thrust problem
withar =0.1 and p=1.0.

The discussion can be further facilitated if we observe that the
cubic Eq. (25) depends on two variable parameters, E and C. We
will, thus, presentFig. 4, which summarizestheresultsinthe (C, E)-
plane (E being the vertical axis).

In Fig. 4, the regions corresponding to three real roots and one
real root for the cubic equation are clearly marked. The sharp corner
in Fig. 4 corresponds to the critical value Q = 0. This is the case of
three real and equal roots of the cubic equation (25). It can further
be shown thateach of these roots equal r = /[i/(3ar)], which can
be verified by substituting back in Eq. (25). In the case of three
real roots, we usually have only two orbits: the largest root gives an
escaping orbit in the outer allowable region, whereas the two other
roots correspond to the perigee and apogee of an annular orbit in
the inner allowable region.

Circular Orbits

We will now show that the present dynamic system actually ad-
mits circular orbits. The two conditions for the existence of circular
orbits are, of course, 7 =0 and 7 =0, and Eqgs. (11) and (12) allow
us to write them in a more explicit form

Cz/r3—u/r2+ar =0 (26)
C?)2r* — ujr —arr = E (27)

These are basically two equations in three unknowns, E, C, and r
(the radius of the circular orbit). In principle, we can, thus, solve
for any two variables in terms of the third one, so that we may
expecta one-parameterfamily of circular orbits. We will begin with
eliminating the quantity C?/r? from Egs. (26) and (27) to get a
single relation between E and r:

3a;r* +2Er + =0 (28)

This is, of course, a quadratic equationin r, which suggests that, for
a given value of the energy E, there may be two circular orbits:

—E+E?—3ua
(ry,r) = L (29)
3ar

if we have the following condition
E? > 3par (30)

Actually, Eq. (29) clearly shows that for positive E, r; and r, would
both be negative. Thus, the circular orbits can only exist for energies
E less than —/(3uar).

Going back now to Eq. (26) gives us the following equation for
the angular momentum, which is clearly the well-known Keplerian
formula, but with an additional term due to the thrust:

C’=pr—a;r*=>0 31

Actually, itis also interesting to obtain the constantangular velocity
6 = w= C/r? [by manipulating Eq. (31)]:

o’r* = p —apr? (32)
We recognize here Kepler’s third law, w’r® = 1, of the two-body
problem, but there is an additional term showing how the radial
thrust acceleration ar affects the period of the circular orbits (see
Prussing and Coverstone-CarrolP). It is equally interesting to look
atthe new equationfor the linear velocity v = wr (whichis v? = pu/r
in the two-body problem). We obtain from Eq. (32)

v=owr =/pn/r —arr (33)

We again recognize the additional term caused by the radial thrust.

For a given negative value of the energy, there could be eitherone
or two circular orbits. The condition for having two circular orbits
is rather complicated:

3

—E 4 /E> = 3uay | ZE E? —3pay o
3ar ’ 3ar

(34)

The qualitative properties and stability of these two circular orbits
will be discussed in the sequel.

Poincaré Surfaces of Section

We outline a procedure to compute Poincaré surfaces of section
in the constant radial thrust problem. Each Poincaré surface could
representseveral orbits, all of which correspondto the same constant
value of the energy E. The initial conditions are all of the form

(x0, yo =0, X9 = 0, yo)

The value of x, can be varied to get several orbits on each Poincaré
section. Given xy, the value of y, (>0.0) can be computed from
the energy equation (6). At each revolution, a single dot (x, X) is
plotted, correspondingto y =0 and y > 0.0. In other words, we plot
the ascending intersections with the y plane in the space (x, X, y).

It is well known that we then have an area-preserving transfor-
mation of the (x, x) plane, or, in other words, a canonical transfor-
mation. Fixed points on a Poincaré surface of section correspond to
periodic orbits of the dynamic system.

Figure 5 shows a typical Poincaré section with about 20 orbits,
all with the same energy value, E = —0.6. The parameter X, was
varied from 0.0 to 2.0 by steps of 0.1. Each oval curve on Fig. 5
corresponds to one trajectory. The trajectories were integrated for
about 100-200 revolutions.

Inspection of the several computer plots similar to Fig. 5 shows
thateach surface of sectionhas basically one fixed pointat the center,

Energy, E=-0.60
04 T CRRCN T T T T T
. UL RPN . . .
03 | cL T e T L . J
. .. o o v .
. -, . 4'. AR RPN ..'. ., . .
0.2 e d 2 .' : ‘ P L. . -
. . L .
c L . .. ,' v, * 3 L ‘ ., S . " . i
s 0 . P oo ) SR ALY O
b g & &
= ¢ LIS} f 4 PR T
£ . 13 . ‘l.}( . 4 .
S L T .
2 % % an R ~ o
$ -0t s : .~ 1
> ~, . K ."v
-02 . I" . - R
. .
. . .
. R .
-03 . R b
: ‘- .
-0.4 1 PSP T b 1 MY | ¢
0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Position, x

Fig.5 Poincaré surface of section corresponding to energy E =— 0.60.
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Energy, E=-0.55
0.04 T — T T T T T T v
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Velocity in x~direction
o
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e

-0.02

~0.03

—0.04 L M L i ) L ) " " 1
1.5 1.55 1.6 1.65 1.7 1.75 1.8 1.85 1.9 1.85 2
Position, X,

Fig. 6 Poincaré surface of section corresponding to energy E =— 0.55.

of the elliptic (equal to stable) type, whereas all of the other curves
wrap around it. The orbits corresponding to the central fixed point
are periodicorbits that close after a single revolution. We verified by
numerical integration that they are actually the circular orbits. This
shows the extremely important role that is played by these circular
orbits: They are the central backbone of the set of annular quasi-
periodic orbits that wrap around them on concentric tori in phase
space. The fixed point of the circular periodic orbit in Fig. 5 has
the numerical values x, = 1.183503419, X, = 0. The velocity yy is
0.8524075506, and the half-period is equal to 4.361863810. Note
that this value of x; corresponds to the smaller root r; as given by
Eq. (29).

We display in Fig. 6 another Poincaré surface of section corre-
sponding to the energy E = —0.55. We selected this value because
itis so close to the critical value E = —./(Buar) = —0.54772255.
Note how small the section is, 1.5-2.0 in the horizontal direction
(xo) with —0.04 to +0.04 along the vertical axis (xy). There are
two fixed points [the two solutions of Eq. (29)]: The stable elliptic
pointis at xy = 1.66666, whereas the unstable hyperbolic point is at
X9 =+ 2.0. Both are on the x, axis and both correspond to circular
orbits, the well-known stable and unstable circular orbits that were
described earliear. Figure 6 represents about 35 orbits.

Stability of the Circular Orbits

Given that the dynamics of low radial thrust admit circular orbits,
we are interested in investigating the stability of the circular orbits.
Danby® presents a very nice treatment of this subjectin the general
framework of analyticaldynamics. The stability of the circularorbits
can be obtained by studying the equations of motion linearized in
the neighborhood of the circular orbit of radius r,. We replace r by
ro + 8r in Eq. (11) for the circular orbit. We first recall from Eq. (32)
that the period 7 and frequency w, of a circular motion are given
by the following formulas:

a)é = pc/rg — ar [ro, Ty =27 /w, (35)
We then make a Taylor series expansion, and we retain only the
terms of first orderin the small displacementér. We geta differential
equation with constant coefficients, basically a harmonic oscillator:

§r = —a?sr (36)
with the frequency w defined by

o =3C[ry —2u/r = pu/rd = 3ar fro = 0} —2ar fry (37)

We need to make the following points:

1) We have a true harmonic oscillator when w* > 0. The circular
orbit is considered stable because the displacements §r are sinu-
soidal in time, with bounded magnitude.

2) We have exponential functions as a solution when w? < 0. The
circular orbit is considered unstable because the displacements §r
are increasing in time, with unbounded magnitude.

In what follows, we will study the stable case in more detail. First,
we can use Eq. (37) to obtain a boundary of the radius of the stable

circular orbits:
ro </ /3ar (38)

This is an expression that was obtained in the earlier sections. If we
use the standard values u = 1.0 and ar = 0.1, we obtain the value
ro=4/(1/0.3) =1.825752.

Knowing that, in general, the stability of orbits gives much in-
formation about the dynamic system, we decided to compute the
stability of the circular orbits. Another important element in the
study of the stability is the fundamental solution matrix H(t) of
Eq. (36). This is the matrix whose columns are the two linearly
independent solutions of Eq. (36), normalized in such a way that
H (0) is the identity matrix:

Ht) = |:8r1 8r2i| _ |: cos wt (1/w) sinwti| (39)

8ry 8ry —w sin wt coswt

We note that the determinantof H (¢) is equal to +1, at all values of
the time 7. This matrix is called the state transition matrix. We call
the monodromy matrix, the same matrix H (7;) evaluated at the end
of a complete revolution, t = Tj, on the nominal circular orbit:

(1/w) sin a)Tgi|

coswT 40)

—wsinwT coswT

H(T,) = |:
Many rather important properties can be derived from the Mon-
odromy matrix. For instance, the eigenvalues 1, , may be obtained
as the roots of the characteristic equation

det coswTy — A (1/w)sinwT, _o @1
¢ —wsinwT, coswly—Ar |
This characteristicequation finally reduces to the simple form
A2 —2rcoswTy+1=0 (42)

We again note that the product of the two roots is +1, so that they
are reciprocal of one another. This property is a direct consequence
of the determinantof H (7) for all values of # beingequal to +1 from
Eq. (39), which we mentioned earlier. The two eigenvalues (A, A™1)
can be real or complex. If they are real, we have an unstable orbit.
If they are complex (in fact, complex conjugates), and on the unit
circle, we have a stable orbit. On the other hand, the sum of the two
roots is the so-called stability index k and is given by the formula

k=)»1+)»2=2008a)T0 (43)

It is rather convenientto base the discussion on the stability index,’
which is real in both the stable and unstable case.

In the stable case, k € [—2, +-2]. The stability boundaries k =2
and —2 play an importantrole related to bifurcation of orbits, as we
will see later.

We computed the stability index of the circular orbits with radius
ranging from ry =1.2 all the way to the upper boundary of the
stable circular orbits 7o = /[t /(3ar )] = 1.82574185835 and show
the same variation in Fig. 7.

The boundary between the two classes is the circular orbit at
k =2 corresponding to ry = /[ /(3ar)]. In connection with these
developments,r = /[11/(3ar)] is also the circular orbit whose fun-
damental cubic equation has the triple root. The present value of the
radius was also predicted during that discussion.

The main conclusion of the stability calculationsis that the inner
circularorbits are stable (for k < 2), whereas the outer circularorbits
are unstable.

The energy E corresponding to any particular circular orbit ra-
dius o can be computed by solving Eq. (28) for E. We show a plot
of E with respect to this r, in Fig. 8.
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Fig. 7 Stability index k as a function of the circular orbit radius ry.
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Fig. 8 Stability index k as a function of the circular orbit radius ry.

Note from Fig. 8 that the variation of E is rather flat with respect
tory. Infact,itcan be seen that the maximum value of energy occurs
at the same circular radius that corresponds to the unstable circular
orbit with a stability index k =2 (also see Fig. 7). We have there
® :% and wy =0. This is actually a well-known property in the
theory of periodic orbits, as was pointed out by Hénon.® In terms
of Hénon'’s classification, we are here in the presence of a type four
periodicorbit, which means an orbit with an extremum of the energy,

but no new periodic orbits bifurcating out of it. The matrix H in this

case is
e |:a bi| _ [+1 18.98i|

c d 0 +1
The coefficientd is equal to 18.98, whichis the period of thatcircular
orbit. We also see that the coefficient ¢ is zero here. This calculation
was done with the original Hénon method,? as well as via the Hénon
and Guyot method,” which requires only a half-revolution integra-
tion. The results agree to within six digits. The same result was then
also obtained with the use of Hill’s equation based on normal and
parallel displacements, as described by Deprit and Henrard.!” This
calculation was accurate to about nine digits.

A close inspection of the stability diagram in Fig. 7 also shows
that the stable circular orbits are actually divided in two segments
by a special orbit with the tangent stability index k = —2.0. We are
here in the presence of a so-called period doubling phenomenon.
In Hénon terminology? we have a periodic orbit of his type five
or six. However, because of symmetry of the problem, the stability

curve is tangent to the line k = —2.0, and we really have a combined
type five plus six periodic orbit. The H matrix here is given by

o a bl |-10 00 (44)

T le d] |00 -10
We see that the two coefficients b and c are zero. This is the only
circular orbit with such a property. The most precise H matrix that
we were able to compute was obtained by integrating Hill’s equation

as described by Deprit and Henrard (see Ref. 10). We show it here
to the precision of our calculations:

gl b [—0.99999973 —0.000214515 43)
o d| | 0.000000893 —0.999999974

with a determinant of 0.999999715 (which should be 1.0). We also
verify that wy = 0.2 and @ = 0.4 and that we have exactly wy/w = %
We have, thus, a two to one resonance, also called period doubling
in modern dynamics. This special circular orbit is at the origin of a
new family of periodic orbits with double period. We will describe
it more in detail later.

Annular Orbits and Bifurcations

The general stability theory predicts the birth of new periodic
orbits near the stable circular orbits described in the preceding sec-
tion, through the phenomenon of bifurcation. We will call the new
periodic orbits annular orbits. These orbits are always enclosed in
between two circular orbits.

Let us assume a stable circular orbit, with a complex eigen-
value for the H matrix, A= cosg +1ising and the other eigen-
value 1 /A = cos g —i sin g. The stability index k is then A +1/1 =
2 cos g. The bifurcationto a new periodic orbit with n times as many
revolutionshappens when the angle g is equal to 27 /n, (n > 1). Let
us mention four simple special cases.

Casen=2:
g = 180deg, cosg = —1.0, k=-2.0
Casen =3:
g = 120deg, cosg:—%, k=-1.0
Casen =4:
g = 90deg, cosg = 0.0, k=0.0
Casen =6:
g = 60deg, cosg =1, k=10

The exactlocation of the annular orbits with n revolutionscan, thus,
be predictedby locating the corresponding value of k on the stability
diagramin Fig. 7.

The period-doublingcase that was mentioned is the simplest situ-
ationin this theory. Periodicorbits with two revolutionsare supposed
to originatenear the circular orbit with radius o = 1.6666667 where
k=—2.0and w/wy=2.

The preceding case can be generalized to the situation where
w/wy=n, where n is an integer. For instance, when w/wy =3,
we have a period-tripling bifurcation with k= —1. Also, when
w/wy =4, we have a quadruple period bifurcation with k = 0.

A closer examination of the stability curve in Fig. 7 reveals many
interesting properties related to the bifurcation of certain circular
orbits into periodic annular orbits. These bifurcations, in general,
occur when the two frequencies w and w, are commensurable. To
have a frequency ratio w/wy=m/n, we can combine Eqs. (35)
and (37) to obtain the following expression for ry:

_ [ —mu
0= (3n? —m?ar (46)

for positive integer values of m and n that are relatively prime.
The value of ry computed from Eq. (46) establishes the exis-
tence of periodic orbits that bifurcate from the circular orbit at
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r =ry. For example, when w/w, = %, we have a bifurcation with
k=2cos(4rm/3) =—1. Also, when w/w, =%, we have a bifurca-
tion with k =2 cos(37/2) =0.

Numerical Experiments with Bifurcation Orbits

We performed numerical experiments for the purpose of discov-
ering some of the annular orbits that are supposedto exist as bifurca-
tions out of circular orbits at specific values of the stability index k.
We especially studied two cases in detail: k = —2 and —1.

Period Doubling at k = —2
We startour calculationsfrom the circularorbit with the following
numerical data:

xo = 1.65144, Yo = 0.6636174664

E = —0.5504820708

Next, we searched for new periodic orbits in the vicinity, which are
not circular and have approximately a double period. Our search
software, based on Newton iterations, found the following periodic
orbit:

xp = 1.656097859, Yo = 0.6617495897

E = —0.55048258

This orbit was then extended, by analytical continuationon the com-
puter, into a family of 100 consecutive periodic orbits. The last one
of these orbits is shown in Fig. 9.

The numerical data for the last three periodic orbits obtained from
analyticalcontinuationare summarized in Table 1. We also note that
the stability index & of all of these orbitsis 2.0, (accurate to 10 digits
in our calculations).

Periodic Orbits with Triple Period at k = —1
Here, we start our calculations from the circular orbit with the
following numerical data:

xo = 1.47450, Yo = 0.7285231628, E = —0.56027300

47

Table 1 Numerical data for three periodic orbits
that have a double period

X0 Yo E k

1.999580388 0.5394789214 —0.5545442104 2.0
2.009580388 0.5362605051 —0.5547866952 2.0
2.019580388 0.5330550445 —0.5550365608 2.0

Period-Doubling Bifurcation at k=2.0
2 T T T
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-2 -1.5 -1 -05 0 0.5 1 1.5 2 25
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Fig.9 Annular orbit with a period-doubling bifurcation.

Table2 Numerical data for two periodic orbits
with triple period

Xo Yo E k

1.469997036 0.7307437522 —0.5602799685 2.0
1.478999369 0.7262957257 —0.5602800066 2.0

Table 3 Numerical data for two periodic orbits that are obtained
via analytical continuation starting from a periodic orbit with
triple period

X0 o E T/2 k

2.002481897 0.5144037108 —0.5673228956 20.76561343 2.0
2.012481897 0.5110079192 —0.5675825226 20.83249195 2.0

Period-Tripling Bifurcation at k=2.0
T T T T T

Fig.10 Annular orbit with a period-tripling bifurcation.

We note that, to the precision of our calculations, the stability index
of the preceding orbit is —1.000632195.

Next, we searched for new periodic orbits in the vicinity that
are not circular and have approximately a triple period. Our search
software found the two following periodic orbits as givenin Table 2.
One of them starts inside the circular orbit defined by the initial
conditions in Eq. (47), whereas the second one starts outside the
circular orbit. The second orbit of these two periodic orbits (with
triple period) was then extended, by analytical continuation on the
computer, into a family of 100 consecutive periodic orbits. The last
one of these orbits is shown in Fig. 10. The numerical data for the
lasttwo periodicorbits obtained by analytical continuationare given
in Table 3. We note again that the stability index of all of these orbits
is 2.0 (accurate to at least eight digits in our calculations).

Conclusions

In this paper, we study the dynamics of the constant outward
acceleration problem due to radial thrust. This is one of the rare
non-Keplerian problems that admit closed-form solutions in terms
of elliptic integrals. We establish the regions of allowable motion
based on the energy integral, as well as escape conditions for this
problem. The existence of circular orbits and their stability is also
discussed. Furthermore, we show that the circular orbits bifurcate
into a continuous family of periodic annular orbits. Several numer-
ical examples are presented to illustrate the differenttypes of orbits
possible in this problem.
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